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In order to study nature of the electronic structures in manganites, the effective Hamiltonian is derived by
taking the degeneracy of the eg orbitals and the strong electron correlation into account. The spin and orbital
ordered phases in the insulating states are studied in the mean-field approximation applied to the effective
Hamiltonian. It is shown that the A-type antiferromagnetic state is stabilized by the magnetic interaction, which
strongly depends on the bond direction, originated from the orbital ordering and the electron-electron correla-
tion. The spin and orbital excitations are also studied by utilizing the effective Hamiltonian. The spin excita-
tions agree well with the recent results in the neutron-scattering experiments in LaMnO3. Although the nu-
merical calculation is devoted to the insulating state, the effective Hamiltonian is relevant to the metallic state
as well. @S0163-1829~97!07113-0#I. INTRODUCTION
Manganites of perovskite structure, A12xBxMnO3 ~A
5La, Pr, Nd, Sm!, ~B5Ca, Sr, Ba! and related compounds,
have recently attracted much attention, because of the colos-
sal magnetoresistance ~CMR! effect and its potential
application.1–4 It is well known that the transport phenomena
in the manganites are related to the spin structure which
strongly depends on a magnetic field, hole-carrier concentra-
tion, kinds of A and B cations, and so on.5,6 Further striking
phenomena such as the structural phase transition induced by
the magnetic field7 and the CMR effects near the charge
ordered phase8 were recently discovered in some of the man-
ganites.
The mother system, LaMnO3, is the A-type antiferromag-
netic ~A-AF! insulator where spins in Mn ions are aligned
antiferromagnetically in the c direction and ferromagneti-
cally in the ab plane.9,10 As for the lattice, the MnO6 octa-
hedron is cooperatively stretched out,11,12 and it is considered
that the Mn 3d3x22r2 and 3d3y22r2 orbitals are alternately
ordered in the crystal. Upon doping of holes, the ferromag-
netic metallic state appears at low temperatures and the CMR
effect is observed near the ferromagnetic transition tempera-
ture. With further increasing the concentration, the ferromag-
netic transition temperature decreases and the insulating state
comes out again, where the spins are aligned antiferromag-
netically in all directions ~G-type AF!.9,10
The transport properties in the manganites have been
studied based on the double-exchange mechanism since Ze-
ner proposed it in 1951.13–16 Here, mobile carriers in the
single eg orbital and the Hund coupling interaction between
eg and t2g spins are considered. Magnetoresistance ~MR! in
the strong Hund coupling case were recently investigated
based on this mechanism by utilizing the dynamical mean-
field approximation.17 Effects of the Jahn-Teller ~JT! lattice
distortion originating from the degeneracy of the two eg or-
bitals on the CMR effects and the magnetism were also in-550163-1829/97/55~13!/8280~7!/$10.00tensively studied.18–22 In these theories, however, the impor-
tance of the electron-electron interaction has not been
stressed, while the interaction was suggested to be one of the
important key factors to describe the transport properties in
manganites.23 Actually, the intra-atomic Coulomb interaction
in the eg orbitals estimated to be 7–8 eV ~Ref. 24! is much
larger than the other leading energies of the parameters in the
system. To the magnetism, the importance of the electron
correlation in the degenerate orbitals has been pointed out by
Goodenough,10 Kanamori,25 and Kugel and Khomskii.26 Be-
cause the transport properties in manganites are closely re-
lated to its magnetism, as we mentioned above, it seems to
be impossible to uncover the origin of the CMR effect with-
out correct description of magnetic properties. Nevertheless,
little attention has been paid to roles of the electron correla-
tion under the orbital degeneracy and the Hund coupling on
the magnetism and the CMR effects in manganites. The pur-
pose of this work is to reconsider the electronic and transport
properties in manganites by taking the orbital degeneracy
and the electron correlation, as well as the Hund coupling,
into account.
In this paper, we derive the effective Hamiltonian from
the generalized s-d model to study the electronic structure in
manganites. In addition to the degenerate two eg orbitals, the
electron-electron interaction in the eg orbitals is considered.
The Hund coupling interaction between eg and t2g spins and
the antiferromagnetic interaction between t2g spins are also
introduced in the Hamiltonian. As the first step of the theo-
retical studies based on the effective Hamiltonian, we inves-
tigate the orbital and spin structures in the insulating state.
The phase diagrams and the transition temperatures of the
spin and orbital orderings are examined in the mean-field
approximation. The excitations are also calculated in the
spin-wave approximation and compared with the experimen-
tal ones. We conclude that the orbital degree of freedom and
the electron correlation are essential to describe the spin
structure in LaMnO3.8280 © 1997 The American Physical Society
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relevant to the metallic as well as insulating states. Numeri-
cal results for the insulating state calculated by using the
effective Hamiltonian are presented in Sec. III. Section IV is
devoted to the summary. A part of this work has been briefly
described in a previous paper.27
II. EFFECTIVE HAMILTONIAN
The effective Hamiltonian is derived from the following
generalized s-d model in the three dimensional cubic crystal
structure consisting of Mn ions. This model includes degen-
erate two eg orbitals in each Mn ion and the intra- and inter-
orbital on-site Coulomb interactions, and is given by
H5Heg1Ht2g1HK . ~2.1!
The first term in the right-hand side describes electrons in the
eg orbitals and is given by
Heg5ed (i ,s ,g digs
† digs1 (
^i j& ,s ,g ,g8
~ t i j
gg8digs
† d jg8s1H.c.!
1U(
ig
nig"nig#1U8(
i
nianib
1J (
i ,s ,s8
dias
† dibs8
† dias8dibs , ~2.2!
where digs
† is the creation operator of an electron with spin s
in one of the eg orbitals g, ed is the level energy of the eg
orbitals. The two eg orbitals are assumed to be degenerate.
t i j
gg8 is the matrix element of the electron transfer between g
orbital in site i and g8 orbital in the nearest-neighbor site j ,
and it is estimated by the second-order perturbation with
respect to the electron transfer between Mn 3d and O 2p
orbitals (t pd). t pd is parametrized as tpd5a(g)Vpds ,28
where a is a numerical factor and Vpds is an overlap integral
independent of the orbitals. Therefore, t i j
gg8 is denoted by
t i j
gg85a(g)a(g8)t0 where t0(}V pds2 ) is treated as a param-
eter. U and U8 are the intra- and interorbital Coulomb inte-
grals, respectively, and J~.0! is the interorbital exchangeintegral. The Hund coupling term HK and the antiferromag-
netic interaction term Ht2g between the nearest-neighbor t2g
spins in Eq. ~2.1! are given by
HK1Ht2g5
1
2 K (igs1s2
Si
t2gdigs1† ss1s2digs2
1Jt2g(^
i j&
Si
t2gSjt2g, ~2.3!
where St2g is the spin operator for t2g electrons with S53/2,
and K is defined to be positive.
Among the above energy parameters in the original
Hamiltonian, the electron-electron interactions have the larg-
est energy scale. Therefore, the effective Hamiltonian in the
low-energy region is derived by excluding the doubly occu-
pied eg states, as follows:
Heff5H˜eg1HK1Ht2g. ~2.4!
H˜eg describes the electrons in the eg orbitals, and is given by
H˜eg5ed(isg d
˜
igs
† d˜igs1 (
^i j&sgg8
t i j
gg8~d˜igs
† d˜jg8s1H.c.!
1H2-sites1H3-sites , ~2.5!
where d˜igs is the annihilation operator of an electron with
spin s in g orbital without double occupancy;
d˜igs5digs(12nig2s)(12ni2gs)(12ni2g2s), where nigs
is the electron number operator with spin s in g orbital. The
first and second terms are obtained from the zeroth- and first-
order perturbational processes with respect to the electron
transfer. The third and fourth terms are given by the second-
order perturbation. In these processes, the energies of the
intermediate states are classified as U22K , U82J , and
U81J22K .27,29–31 Therefore, H2-sites in Eq. ~2.5! is further
divided into the following three terms;
H2-sites5HU1HU82J1HU81J . ~2.6!
Among these three terms, the second term HU82J is the lead-
ing term and the explicit formula is given byHU82J52
2
U82J (^i j& ~
3
4 nin j1SiSj!@~ t i jaa 21t i jbb 2!~ 14 nin j-TizT jz!2t i jaat i jbb~Ti1T j21Ti2T j1!1~ t i jab 21t i jba 2!
3~ 14 nin j1TizT jz!2t i j
abt i j
ba~Ti1T j11Ti2T j2!2~ t i j
abt i j
aa2t i j
bat i j
bb!~TizT j11TizT j2!
2~ t i j
bat i j
aa2t i j
abt i j
bb!~Ti1T jz1Ti2T jz!# , ~2.7!where ni is the electron number operator at site i . The ex-
plicit formulas of HU and HU81J are presented in Ref. 27. Si
is the spin operator of the eg electron at site i
Si5
1
2 (gab d
˜
iga
† sabd˜igb , ~2.8!and Ti is the pseudospin operator for the orbital degree of
freedom defined as
Ti5
1
2 (agg8
d˜iga
† sgg8d
˜
ig8a . ~2.9!
The eigenstates of the operator Ti correspond to the occupied
and unoccupied eg orbitals, for example, in the Tz51/2 and
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bitals, respectively. Each term in H2-sites is described by a
product of spin and orbital operators, because the second-
order perturbational processes simultaneously change both
spin and orbital states in the i and j sites. In this sense, spin
and orbital strongly couple with each other. Explicit formu-
las of H3-sites in Eq. ~2.5! are not presented here, because
H3-sites may be irrelevant as in the t-J model derived from
the Hubbard Hamiltonian.
In H2-sites, the ferromagnetic interaction between the
nearest-neighboring eg spins is originating from HU82J, on
the other hand, the antiferromagnetic one is from HU81J and
HU . As we mentioned above, HU82J is a leading term in
H2-sites, because the energy prefactor 1/(U82J) is largest
due to the interorbital exchange interaction J and the Hund
coupling interaction K . Therefore, H˜eg favors the ferromag-
netic spin ordering accompanied with the orbital ordering.
Because the ferromagnetic interaction depends strongly on
the orbital structure, the anisotropic spin structures, such as
the A-type and C-type AF states, are realized by competition
with the isotropic antiferromagnetic interaction caused by
Ht2g.
A similar model Hamiltonian with Eq. ~2.6! has been pro-
posed by Khomskii and Kugel26 and Castellani, Natoli, and
Ranninger.32 However, effects of t2g spin were not intro-
duced in their model. Roth,29 Cyrot and Lyon-Cean30 and
Inagaki31 also proposed a model in the system where the
orbitals are twofold degenerate. Their model coincides with
ours if the matrix elements of the electron transfer are taken
to be t i jaa5t i jbb and t i jab5t i jba50 in H˜eg. We note that the
antiferromagnetic interaction between t2g spins and the non-
zero value of t i jab, both of which are neglected in their mod-
els, are of crucial importance for stabilizing the A-AF phase
in manganites, as we will show later.
III. NUMERICAL RESULTS AND DISCUSSION
In this section, we present the numerical results in the
insulating phase LaMnO3 calculated by utilizing the effective
Hamiltonian introduced in the previous section. First, we
present the phase diagrams and the transition temperatures of
the spin and orbital ordered states calculated by the mean-
field approximation. We introduce the following thermal av-
erages, ^Sz&, ^Tz&, ^SzTz&, and ^Sz
t2g& as the mean fields. We
assume the type of the orbital ordering as shown in Fig. 1
where the 3d3x22r2 and 3d3y22r2 orbitals are alternately or-
FIG. 1. The (3x22r2/3y22r2)-type orbital ordering.dered, because this type of the ordering is suggested by the
cooperative JT distortion observed in LaMnO3.12
Figures 2~a! and 2~b! show the magnetic phase diagrams
in the parameter space of (Jt2g2t0) and (Jt2g2K), respec-
tively. The other energy parameters are used as U57 eV,
U855 eV, and J52 eV throughout the present calculation.
As seen in Fig. 2, the A-AF phase appears in a narrow pa-
rameter region between the ferromagnetic (F) and G-AF
phases. The region of the A-AF phase extends with increas-
ing the values of t0 , uKu and Jt2g. As we mention in the
previous section, the ferromagnetic interaction is induced by
the kinetic exchange processes in the presence of the multi-
orbitals and the interorbital exchange interaction J . The
Hund coupling tends to enhance the magnitude of the ferro-
magnetic interaction. On the other hand, the antiferromag-
netic interaction occurs in the following three terms, Ht2g,
HU81J, and HU . We confirm that the A-AF phase in Fig. 2 is
caused by the competition between these ferromagnetic and
antiferromagnetic interactions.
In LaMnO3, t0 is estimated by the photoemission experi-
ments to be t05Vpds
2 /D;0.72 eV,24 where D is the energy
difference between the occupied O 2p and unoccupied Mn
3d levels. uKu is expected to be much larger than the
crystalline-field splitting ~;1 eV!, since LaMnO3 is in the
high spin state. Jt2g is estimated to be 0.8 meV from the
value of the Ne´el temperature TN of the G-AF phase in
CaMnO3 ~Ref. 10! in the mean-field approximation. When t0
and K are fixed to these experimental values, the A-AF phase
appears in the parameter region where Jt2g is slightly larger
than the value estimated above. Considering the approxima-
tions introduced here, however, we conclude that the theory
reproduces this phase well.
Several authors29–31 have neglected the orbital depen-
dence of the electron transfer and thus did not consider the
role of the (3x22r2/3y22r2)-type orbital ordering in the
spin structure. However, the dependence is of crucial impor-
tance to obtain the A-AF state. In order to demonstrate the
roles, we calculate the transition temperatures (Tc) of the
spin ordered phases and compare them with those obtained
by utilizing the simplified model introduced below. In Fig. 3,
we present Tc’s of the several spin ordered phases obtained
by the effective Hamiltonian. The parameter values are cho-
sen as t050.75 eV and K523 eV, and (3x22r2/
3y22r2)-type orbital ordering is taken. With increasing the
values of Jt2g, the magnetic structure which has the highest
Tc is changed from F to A-AF phase, and finally, Tc of
G-AF phase becomes highest. In comparison with results in
Fig. 2, the above change in the highest Tc corresponds to the
change for the magnetic phases in the ground state with in-
creasing Jt2g. The values of Tc for the A-AF phase is calcu-
lated to be about 0.01 eV which is reasonable as compared
with the measured value TN5141 K in LaMnO3.10,12 On the
other hand, in Fig. 3 ~inset!, Tc’s are calculated by using the
model where the matrix elements of the electron transfer
between two degenerate orbitals, a and b , are assumed as
t i j
aa5t i j
bb5t0 and t i jab5t i jba50. Furthermore, we assume the
so-called antiferromagnetic-type orbital ordering discussed
in Ref. 29 and 31, where the electron alternately occupies the
two arbitrary types of the orbitals, a and b . In contrast to the
results in Fig. 3, Tc of the A-AF phase is always lower than
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simplified model. These results show that the
(3x22r2/3y22r2)-type ordering and the orbital dependence
of the electron transfer are essential to realize the A-AF
structure. As we mentioned in the previous section, the elec-
tron hopping processes between the nearest-neighbor occu-
pied and unoccupied eg orbitals cause the ferromagnetic in-
teraction. In the (3x22r2/3y22r2)-type ordering,
magnitudes of the electron transfer between the occupied
3x22r2(3y22r2) orbital and its nearest-neighbor unoccu-
pied y22z2(z22x2) orbital in the ab plane becomes much
larger than that in the c direction. As a result of the compe-
tition between this anisotropic ferromagnetic interaction and
the isotropic antiferromagnetic interaction Jt2g, the A-AF
phase is stabilized. We stress the importance of the off-
diagonal matrix elements of electron transfer (t i jab) for the
A-AF structure in the manganites.
In Fig. 3, we also show the transition temperature of the
(3x22r2/3y22r2)-type orbital ordered phase. It is noted
that the values are much higher than that of the spin order-
ing. Because of this, Tc is independent of the magnitude of
Jt2g. The orbital ordering in the actual compounds may occur
at the structural phase transition temperature ~875 K! ~Ref.
10! from the rhombohedral to O8 orthorhombic phases ac-
companied with the JT distortion. The calculated orbital or-
dering temperature is of the same order as Tc of the struc-
tural phase transition. This fact suggests that the orbital
ordering brings about the cooperative JT distortion and the
structural phase transition through the orbital-lattice interac-
tion.
FIG. 2. The magnetic phase diagrams under the
(3x22r2/3y22r2)-type orbital ordering in the parameter space of
~a! (Jt2g2t0) and ~b! (Jt2g2K), respectively. A , C , and G denotes
the A-type, C-type, and G-type antiferromagnetic phase, respec-
tively, and F denotes the ferromagnetic phase.In LaMnO3, the JT-type lattice distortion is observed. To
study the stability of the A-AF phase under the lattice distor-
tion, we investigate changes in the phase diagram by the
modulation of the electron transfer and the level splitting
between eg orbitals due to the lattice distortion. We consider
the cooperative JT lattice distortion in the MnO6 octahe-
drons. The change in the electron transfer is represented by a
parameter R defined by R5V pdsS /V pdsL , where V pdsS and
V pdsL are Vpds’s for the four short and two long Mn-O bonds
in the octahedrons, respectively. Considering that Jt2g results
from the fourth-order processes with respect to the electron
transfer between O 2p and Mn 3d t2g orbitals, we take a
ratio of Jt2g in the ab plane to that in the c direction as
J
c
t2g/J
ab
t2g5R2. The level splitting due to the JT distortion is
also introduced in H2-sites. Because an electron virtually hops
from occupied to unoccupied orbitals in the perturbational
process for the HU86J term, the energy splitting g is added to
the denominators of their energy prefactors. The calculated
results are presented in Fig. 4. Parameter values used are the
same as those in Fig. 2~a!. With increasing R and g , the area
of the A-AF phase extends and shifts to the region with
larger t0 . This change in the phase diagram with increasing
R and g is interpreted as follows. The modification in Vpds
enhances the ferromagnetic interaction in the c direction and
stabilizes the F phase, on the other hand, the change in Jt2g
makes the A-AF phase stable. Moreover, introduction of g
weakens the ferromagnetic interaction, due to suppression of
the interorbital exchange processes. As a result of competi-
tion between above three contributions, the stability of A-AF
phase is strengthened with increasing R and g . We conclude
that the A-AF phase is still stable under the JT lattice distor-
tion.
In the next, we examine the excitations in the spin and
orbital degrees of freedom in the A-AF state accompanied
with the (3x22r2/3y22r2)-type orbital ordering. In order to
calculate the excitations, we adopt an extended cell which
consists of four Mn ions as a unit cell. The large Hund cou-
FIG. 3. The transition temperatures of the spin and orbital or-
dered phases. A , C , G , and F is the transition temperature of the
A-type, C-type, and G-type antiferromagnetic and ferromagnetic
phases, respectively. O is the transition temperature of the
(3x22r2/3y22r2)-type orbital ordering. Inset shows the transition
temperatures of the magnetic ordered phases in the case of
t ı
aa5t i j
bb5t0 and t ı jab5t i jba50. The antiferromagnetic-type orbital
ordering is assumed.
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energy states. Therefore, we introduce a spin operator Ji with
J52, replace the spin operators Si and Si
t2g with Si5~1/4!Ji
and Si
t2g5(3/4)Ji , and eliminate HK . The conventional
Holstein-Primakoff transformation is applied to the spin and
pseudospin operators in the Hamiltonian, and the two kinds
of the boson operators, si and ti are introduced for the spin
and orbital excitations, respectively. We rewrite the Hamil-
tonian by using the boson operators and retain up to second-
order terms of si and ti and their cross terms. The cross
terms of si and ti express the interaction between the exci-
tations in the spin and orbital degrees of freedom. We adopt
the mean-field approximation in these terms and their values
are determined self-consistently.
In Fig. 5, theoretical and experimental results of the dis-
persion relation of the spin waves are presented. Parameters
are chosen as K523 eV, and Jt2g50.0065 eV. The disper-
sion curves along A!B correspond to those in ~0,0,0!
(p/a ,p/a ,0) direction, and the curves along A!C corre-
FIG. 4. The magnetic phase diagram under the
(3x22r2/3y22r2)-type orbital ordering with effects of the lattice
distortion. A and G denote the A-type and G-type antiferromagnetic
phases, respectively, and F denotes the ferromagnetic phase. R rep-
resents the modifications of t0 and Jt2g, and g denotes the energy
splitting. The solid, dashed, and dotted lines show the phase bound-
ary for the three sets of the parameter values.
FIG. 5. The dispersion relations of the spin wave. The open
circles show the results obtained by the neutron-scattering experi-
ment ~Ref. 33!. Note that lines along ~0,0,0! (p/a ,p/a ,0) and
~0,0,0! ~0,0,p/a! are shown on the same axis.spond to those in ~0,0,0! ~0,0,p/a! direction in the Brillouin
zone for the cubic structure with a being the lattice constant.
With increasing t0 , the slope in the A!B direction in-
creases, on the other hand, that in the A!C direction de-
creases. To see the dependence on t0 , we consider the fol-
lowing layer-type Heisenberg model with S52, i.e.,
H5(Jab( ^i j&ab 1Jc( ^i j&c )SiSj , ~Jab,0, Jc.0!, the spin-
wave dispersion relation in the A-AF phase of this model
is given near the ~0,0,0! point by e(k)
54A2JabJca2(kx21ky2)1Jc2a2kz2. With increasing t0 , uJabu
increases and uJcu decreases, as we pointed out previously.
Therefore, we obtain that the slopes in the ab plane and the
c directions increases and decreases, respectively. Experi-
mental results in LaMnO3 obtained by the neutron-scattering
experiment are indicated by the open circles.33 The band-
widths of the spin wave are experimentally estimated to be
about 32 and 5 meV in the ab plane and the c direction,
respectively, suggesting the two-dimensional character in the
spin system. Apart from the energy gap in the spin waves
which is neglected in the present calculation, we find good
agreement between theory and experiment. The anisotropic
character in the spin system originates from the strong ferro-
magnetic interaction in the ab plane due to HU82J and the
weak antiferomagnetic one in the c direction due to Jt2g. The
electron correlation and the orbital degrees of freedom play
the crucial roles on the excitations in the spin system, as well
as the ground states.
The orbital excitations from the (3x22r2/3y22r2)-type
orbital ordering described by ti are called the orbital wave,
which interacts with the spin wave and their dispersion rela-
tions have influence on each other. In Fig. 6, we show the
calculated results of the dispersion relation of the orbital
wave for several values of t0 . The other parameter values are
the same as those in Fig. 5 and the spin structure in the
ground state is taken to be the A-AF state. With increasing
t0 , the bandwidth of the orbital wave monotonically in-
creases, in contrast to the case of the spin wave. An energy
gap in the orbital wave appears and also increases with t0 .
Magnitude of the energy gap is the same order of the band-
width: t 02/(U82J). The energy gap in the orbital wave is
caused by the layer type spin structure ~A-AF! in the ground
state through the interaction between the spin and the orbital
in the effective Hamiltonian. In the A-AF phase, the nearest-
FIG. 6. The dispersion relations of the orbital wave. Note that
lines along ~0,0,0! (p/a ,p/a ,0) and ~0,0,0! ~0,0,p/a! are shown
on the same axis.
55 8285EFFECTIVE HAMILTONIAN IN MANGANITES: . . .neighbor spin correlation in the ab plane is different from
that along the c direction. As a result, an anisotropic inter-
action between the nearest-neighboring pseudospins is
brought about. It is noted that the nature of the energy gap in
the orbital wave strongly depends on the spin structure. The
characteristic feature in the orbital wave appears in the flat-
ness of the dispersion in the ab plane. The dispersion
in the orbital wave is controlled by the terms
t i
aat i j
bb(Ti1T j21Ti2T j1) and t i jabt i jba(Ti1T j11Ti2T 2) in
the effective Hamiltonian, where the both coefficients,
t i j
aat i j
bb and t i jabt i jba, become zero in the ab plane for the
(3x22r2/3y22r2) orbital ordering. Thus, the flat dispersion
in the ab plane is characteristic of the (3x22r2/3y2
2r2)-type orbital ordering. It is possible to directly observe
the orbital wave by using the light-scattering and the
electron-scattering techniques in analogy with the two-
magnon Raman scattering in magnetic compounds. Through
the observation and analysis of the characteristic nature of
the orbital waves, important information about the orbital
ordered phase and its relation to the magnetic ordering may
be obtained.
IV. SUMMARY
In this paper, we have derived the effective Hamiltonian
to investigate the electronic structure in the manganites of
perovskite structure. In this Hamiltonian, the doubly degen-
erate eg orbitals and the electron-electron interactions in
these orbitals are taken into account. Also, Hund coupling
interaction and the antiferromagnetic interaction between the
nearest-neighbor t2g spins are introduced. The Hamiltonian
is represented by the conventional spin operator for spin, the
pseudospin operator for orbital, and the restricted electron
operator due to the electron-electron interactions. The prod-
uct of the spin and orbital parts in this model implies the
strong coupling between the orbital and spin structures. The
competition and interplay between the spin and orbital de-
grees of freedom brings about rich phenomena in this sys-
tem.
The results of the calculations in the undoped system andtheir implications are summarized as follows. We calculated
the phase diagrams and the transition temperatures for the
spin and orbital ordered states in the mean-field approxima-
tion. The A-type antiferromagnetic structure comes out by
the competition between the antiferromagnetic interaction
between t2g spins and the anisotropic ferromagnetic interac-
tion induced by the virtual electron hopping in the eg orbit-
als. We stress the importance of the (3x22r2/3y22r2)-type
orbital ordering and the orbital dependence of the electron
transfer for stabilization of the A-AF ground state. The exci-
tations in the spin and orbital degrees of freedom were cal-
culated in the spin-wave approximation. The calculated dis-
persion relation of the spin waves well reproduces the
experimental results. The anisotropic nature of the spin ex-
citations reflects the strong ferromagnetic interaction in the
ab plane and the weak antiferromagnetic one in the c direc-
tion due to the orbital ordering. The characteristic features in
the dispersion relation and the energy gap of the orbital
waves, which originate from the (3x22r2/3y22r2)-type or-
bital ordering and the A-AF spin ordering, were pointed out.
The effective Hamiltonian in Eq. ~2.4! may also be ap-
plied to the doped system where HU82J is the leading term in
H˜eg as seen in the undoped systems. The study in the doped
system will be presented in a separate publication.
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